LOCAL SMOOTHING EFFECT AND EXISTENCE FOR A 
NEEDLE CRYSTAL GROWTH PROBLEM WITH ANISOTROPIC 

SURFACE TENSION 



XUMING XIE 

Abstract. We study an initial value problem for two-dimensional needle crys- 
tal growth with anisotropic surface tension. The initial value problem is de- 
rived from the so called one-sided model based on complex variables method. 
We then obtain the existence and uniqueness of local solution of the needle 
crystal problem for any initial interface. Furthermore, we obtain that, on aver- 
age in time, the solution gains 3/2 derivative of smoothness in spatial variable 
compared to the initial data. The continuous dependence on the initial data 
of the solution map is also established. 



1. Introduction 

Dendritic growth is one of the earhest and the most profound scientific problems 
in the area of interfacial pattern formation. This is not only due to its underlying 
vital technical importance in the material processing industries but also because 
dendritic growth represents a fascinating class example of nonlinear phenomena in 
nonequilibrium systems. From mathematical point of view, dendrite formation is a 
free boundary problem like the Stefan problem [IJ [T31 [13 [HJ [TB] . This problem has 
been extensively studied based on various models. For review papers and books, 
we refer to Mullins and Sekerka [37], Langer [H], Kessler et al [TO], Pelce [Mj, BaU 
et al [5] and Davis [HT and Xu [iP] . 

The growth of a single needle crystal from an undercooled melt is a simplest 
example of dendritic growth. It is well known that a steadily moving front is un- 
stable due to Mullins - Sekerka instability. Mullins- Sekerka instability leads to a 
wide variety of morphologies including compact shapes and dendrites. The equa- 
tions studied in the paper were derived in Kunka et al [22j [23] . They are based 
on complex variable method which is a very effective technique in handling two 
dimensional problems in fluid mechanics such as Hele-Show problem [TT] [311 155] . 
Based on this equations, Kunka et al [3U [13] studied the linear theory of localized 
disturbances and a class exact zero-surface-tension solutions if the initial conditions 
include only poles. They also studied the singular behavior of unsteady dendritical 
crystal with surface tension. In those situations, a zero of the conformal map that 
describes the crystal gives birth to a daughter singularity that moves away from the 
zero and approaches the interface. However, the analysis in |22|l23j was asymptotic 
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and numerical but not rigorous. 

For steady needle crystal, Xie [331 131] proved that in the limit of zero surface 
tension, these equations do not have any physically acceptable solutions when crys- 
talline anisotropy is ignored even though the equations admit solutions (Ivantsov 
solutions) when surface tension is zero. A discrete set of solution was found to exist 
when crystalline anisotropy is included. Linear stability of steady needle crystal 
was also studied [SHI I3H]- Xie [37] established local existence and uniqueness of 
analytic solution for unsteady crystal with zero surface tension if the initial data is 
analytic. 

There have been a variety of literature for similar problems such as Stefan prob- 
lem and Hele-Shaw problem. Existence of global weak solutions were established in 
Chen et al [5113, Luckhaus gS], Kim [101 HI] and Almgren and Wang [5]. Duchon 
& Robert [11] have proven the existence for short time. Constantin and Pugh [9] 
proved the global existence for Hele-Shaw problem with small analytic initial data; 
Escher and Simonett [12l [13] discussed solutions in Holder space while Prokert [29] 
obtained existence in Sobolev spaces. Gunther and Prockert I_5i obtained existence 
results for a similar problem with variable surface energy; Friedman and Reitich 
[13] and Hadzic and Guo [TB] studied the stability of the Stefan problem. Very re- 
cently, Xie [39] established local existence and smoothing effect for the Hele-Shaw 
problem with small initial data. 

It should also be noted that there were numerous works on related directional 
solidification problems based on "phase-field models" and " sharp interface model" ; 
for example, see J. Langer [62], G. Caginalp [5], McFadden et al [26 and references 
therein. 

In this paper, we study the unsteady needle crystal problem with anisotropic 
surface tension in Sobolev space. We obtain the existence and uniqueness of local 
solution of the needle crystal problem for any initial interface. Furthermore, we 
obtain that, on average in time, the solution gains 3/2 derivative of smoothness 
in spatial variable compared to the initial data. The Lipschitz continuity of the 
solution map is also established. It is to be noted that unlike some of the afore 
mentioned results for Stefan or Hele-Shaw problem, our results require neither the 
initial data is small nor the surface energy is isotropic. 

The paper is organized as follows: In this section, we give a description of mathe- 
matical formulation of the unsteady needle crystal based on complex variable meth- 
ods, then we derive an initial value problem and present the main theorem on the 
existence and uniqueness of solution. In section 2 we give a few lemmas that will be 
used in later sections. In section 3, we obtain several existence and apriori estimate 
results for some linear equations. In particular, we obtain an energy estimates for a 
regularized linear equation with variable coefficients (see equation p.9p in Lemma 
3.3), which is essential to our iteration scheme for the quasilinear equation in section 
4. The proof of our main theorem is presented in section 4. 

1.1. Mathematical formulation. We are interested in the problem of a free den- 
drite growing in its undercooled melt. Temperature is measured in units of L/cp, 
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where L is the latent heat, Cp the heat capacity. Lengths are measured in units 
of the tip radius of curvature a for the Ivantsov parabola. Velocity is measured 
in units of U, where U is such that the Peclet number P defined hy P = 
where D is the thermal diffusivity. Time is measured in units of jj. The dimen- 
sionless undercooling defined as A = [cp/ L){Tm — Too) satisfy Ivantsov relation 
(A = \J nPe^ erfc [-v/P]), Tm is the melting temperature and Too is the specific 
temperature an infinity. 



If heat diffusion in the solid phase is neglected , in the frame where an Ivantsov 
parabolic interface would have been stationary and the crystal-frame coordinates 
X — y is placed at the tip of the needle crystal, then the dimensionless temperature 
T, with the melting temperature subtracted, satisfies 



2P^^ - 2P^^ 
dt dy 



(1.1) 



= -2P(w„ + C0S6') 



(1.2) 



(1.3) 



The condition at infinity that determines T for a specified undercooling is 

T — > —A as y —> oo 
The conservation of heat through the interface requires 

dT 

dn 

where w„ is the normal component of the interface motion and 9 is the angle 
between the interface and y axis. See Fig 1. 

The Gibbs- Thompson boundary condition at the interface is 

T= -do[l -7Cos46I]k (1.4) 

where rfo is a nondimensional capillary parameter defined by 



do 



rr 

aL 



where d is the standard capillary length. 

In p. 41) . K is the curvature, [1 — 7 cos 46*] is included to model a standard fourfold 
anisotropy in the surface energy; 7 is the crystalline anisotropy. 

We consider the conformal map z(^, t) with ~ w ~\-is that maps the upper-half 
^ plane into the exterior of the crystal in the z plane, where z — x + iy. The 
real axis s — Q corresponds the unknown interface (see Fig 2). It is clear that 
determination of the function z(^,t) yields the unknown interface. 



Under this transformation, (II. ip becomes 



dT dT 



(|1.2p becomes 
(11.31) becomes 



-A 



as s — > 00. 



— = -2P 2 _t 

OS \ 



V^T. (1.5) 
(1.6) 
(1.7) 



4 



XUMING XIE 





Figure 2. ^ plane: ^ = w + is 
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The Gibbs- Thompson boundary condition on s is 

T = -do[l-7Cos46l]K(0, 

where 



K — —Im 



\Zi\ 



cos 40 = Re 



The Ivantsov steady solution corresponds to 
and 

T/ = - A + V^e^ erfc [VP(1 + s)], 

where 

A = V^e^ crfc [Vp]. 
Now consistent with most experimental conditions, we assume 

do = 2rP, 0(1) as P 0. 

We then use regular perturbation expansion 

T = PTo + 0{P^). 

Then , to 0(P), (fL5|) becomes: 

V^To = 0, 



9To 
9s 



zt + i 



(1.8) 
(1.9) 
(1.10) 

(1.11) 
(1.12) 
(1.13) 

(1.14) 

(1.15) 

(1.16) 
(1.17) 
(1.18) 



To = -2t[1 -7COs46']k(0. 

Since Tq is a harmonic function in two dimension, we can define an analytic function 
W so that 

To ^ Re{W). (1.19) 

we decompose W 

W = 2i£^-2W{i,t). (1.20) 
Then (|1.17p implies that on s = 0, 



I - Im(W^{i,t)) - \z^\'lm 



and (|1.18p becomes 



ReWi^t) =t[1-7Cos46']k(0 on .s = 0. 



(1.21) 



(1.22) 



For much smaller times, it is appropriate to invoke the Ivantsov solution behavior 
(|1.12p and assume that in the far field 

To — —2s as s — cx), 

(1 23) 

z(C,i) - z\^) ->■ 0, z^{^,t) - {zi)^{^) -> as f real and ^ ^ oo; 
which implies 

Re W{^, as C ^ oo. (1.24) 



6 



XUMING XIE 



Since W{^,t) is analytic in the upper half plane, from Plemelj's formula (see [6]) 
and (|1.22p . we obtain 

J~oo S ? 

(jl.23p implies that Im ('^^^ — > as ^ oo. Since z{^,t) is analytic in the upper 
half plane and ^ 0, from Plemelj's formula and (|1.2ip . we obtain in the upper 
half plane s = Im ^ > 

Letting s — > 0+ in (|1.26p . and using (|1.25p . we obtain 

zt + i = z^[H[Q]{^,t) + iQ[z]{^,t)], forreaU, (1.27) 
where H is the Hilbert transform 

Hmtt) ^ -ip) r ^}^}^de, (1.28) 

and 

The initial condition is 

zi^,0)^zo{O- (1.30) 

We introduce 

logz^ = ln|z{| +iargZ5 h{£,) +iq{0- (1.31) 
From (|1.3ip . we have + iq^ = ^ is analytic in the upper half plane. (|1.22p 
implies that /i^,(7^ — > as ^ — > oo, from Plcmclj formula 

q^{(,t) = -H[h^{(,t)], for real^. (1.32) 

then we have from pr9| . (lL3T|) and ([L32| 

(1.33) 

and from (|1.10p 

008 46* = cos 4(7; (1-34) 

so 

Q[h] ^ ^ + rO,H[il-,cosM)e-^HM]^ 
e 

Taking derivative with respect to ^ in equation (|1.27p and using (11.311) . we obtain 
that h satisfies 

ht = h^H[Q[h]] - q^Q[h] + iH[Q[h]]]) (1.36) 

Using (jl.lip . the corresponding Ivantsov solution can be written as log(z7)^ = 
hj + iqj, where 

h'iO = lHl+e),q'iO = -arcsin-J=. (1.37) 

We decompose 

u{^, t) = h{^, t) - h^O, vi^, t) = <z(e, t) - q'iO- (1.38) 
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From ()1.3ip and (|1.37|) . we have that u + iv ^ log jjfy- is analytic in the upper half 
plane. (jl.23p implies thatu, w as ^ ^ cx), from Plemelj formula 

v{^,t) = -H[u{^,t)lioT real (1-39) 

From (|1.36p u{^,t) satisfies 

ut^iu + hl)H[Q[u]] ~ (g| - H[u])Q[u] + iH[Q[u]) (1.40) 

where 



1 + TdfH 



(1 - 7Cos4(g^ - H[u])) e-('''+")i/ [/i^ + u^] 



- (1-41) 

The initial condition is 

ui^,0) = u„iO (1.42) 

1.2. Main results. In this paper, H'^{R) denotes the Sobolev space over the 
real line i?, with the norm = (/(! + \X\)^'\f{X)\^dX)^/^ , where /(A) = 

/ f{0^~^^^d^ is the Fourier transform of /(f). If s is a nonnegative integer 

k, we also use ||/||//fc(j^-| — J2'i=Q (^If ■ P{^) denotes the pseudodifferential 

operator defined by 

P{D)f{U) = P(A)/(A)e'«^dA. 
V 2vr J 

Note that H{u){X) = i sgn (A)u, where sgn (A) = 1 if A > and sgn (A) = — 1 if 
A < 0; and \D\ = -Hd^ = -d^H. 

We are going to prove the main theorem in this paper: 

Theorem 1.1. Assume that /3 = r(l - 7) > 0, Wo G iJ^+s {R), s > 5 is an integer, 
Mo = II uq\\ j^i , then there isT — T(Afo) > such that the initial value problem 

(TTg) {73^ has a unique solution u £ C([0, T],H'+^ {R))C^C^{[Q, T], H''-^/^{R))n 
L^{[0,T],H'+^{R)) satisfying 

27r 

\dl+'^u{(„t)\'^d£,dt <CM^. (1.43) 

Moreover, the solution map Uq — > u{t) from H''+^{R) to C([0, T], (i?)) 
nL^([0, T], i?^+^(i?)) is Lipschitz continuous. 

The main idea of the proof is outlined now. We write the equation (|1.40l) as a 
quasilinear equation 

ut + B[u]H[dlu] = Afiu); (1.44) 

where B[u] > 13, Af{u) consists of lower order terms compared to H[d^u]. More 
precisely, we will show (see Lemma 4.3 and Lemma 4.6)) 

||AA(w)||^.-. <C(h||^.)- (1-45) 
The corresponding linear equation is 

ut + b{tt)H[dlu] = fiO; (1.46) 
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where 6(f , t) > /S > 0. It can be shown ( Lemma 3.3 ) that the solution of the mitial 
value problem (|1.46p and ()1.42|) has local smoothing effect (Lemma 3.3). To estab- 
lish existence theory for linear equations, we use viscosity method by introducing a 
regularized term ed^u. Finally, an iteration scheme then enable us to carry on the 
smoothing effect to the quasilinear equation ()1.44p . 



2. Preliminary lemmas 
We introduce some preliminary lemmas. 
Lemma 2.1. If u^v <E H''{R), for any s > ^, then uv E and 

\\uv\\hs(^r) < C||w||^.(j^) WvWhhb.) ■ (2-1) 

Lemma 2.2. If f : R R is a smooth function with /(O) = 0, and u G 
H^iR), \\u\\h=(R) ^ /o*^ * > h ^^^'^ ^ H'^^R) and 

||/HII^.(«)<Ch||^.(^) (2.2) 

where C depends only on /, s and M . 

The proof of these lemmas can be found in [M". 

Lemma 2.3. (1) For any u e H^{R), ||M||i4(^) < || l^l^^'*"|L2(j^) • 

(2) Let f e H^{R) and g G H^/^{K), then fg e H^/^{R) and ||/.g|ljji/2(fl) < 

■^0 \\f\\m{R) Il5llffi/2(_R)- 

Proof. See Lemma 7.1 in [32]. □ 

Lemma 2.4. Let u e H''{R), then H{u) € H'^R) and ||-ff(u)|l^s(fl) < \\u\\h-(r)- 

Proof. The Lemma follows from the fact H{u){X) — i sgn (A)m, where sgn (A) = 1 
if A > and sgn (A) = -1 if A < 0. □ 

The Sobolcv embedding theorem implies 

Lemma 2.5. Let u e H^' , r > ^, then u £ C{—oo,oo) and ||w||^oo < Ki 
\\u\\„p < forO<p<r. 

Lemma 2.6. Let < r < p. Then for every rj > 0, there exists a K{r]) such that 

\\u\\Hr <v\W\\hp 

Proof. 

/OO POO 
|A|2nu(A)|2dA+ / u^iX)dX 
-OO J —OO 

< f |A|2'XA)|2 + 7V2(-p) f \XfP\u(X)f+ f u^{X)dX 

J\\\<N J\\\>N J~oo 

Since r — p < 0, the Lemma follows from this if N is chosen large enough. □ 
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Lemma 2.7. Let f,g E L'^{R), then 

(1) J H[f]H[g]di - / fgdt J gH[f]d^ = - / fH[g]dt 

(2) H[H[f]] = -/. 
(3) 

H[fg] = H[H[f]H[g]]+gH[f] + fH[g]. (2.3) 

Proof. (1) 

j H[f]H[g]d^ = J H[f]iH[g]rd\ = J f{grdX = J fgd^. 
where * denotes complex conjugate. 

I gH[m = j HlmydX = 1 1 sgn (A)/(g)*dA 

= -/ f{H[g]rd\^- j fH[g]di 

(2) From Plemelj's formula, it is well known that u(^) + iv{^) can be analytically 
extended to the upper half complex plane if and only if w(^) — —H[u\. Since 
i(u — iH[u]) = H[u\ + iu can be analytically extended to the upper half complex 
plane, we have u = —H[H[u]\. 

(3) Since (/ - iH[f]){g ~ iH[g]) = fg - H[f]H[g] - i{fH[g] + gH[f]) can be 
analytically extended to the upper half complex plane, we have 

ifH[g]+gH[f]) = H[fg-H[f]H[g]] 

which implies (|2.3I) □ 



We define commutator [H, f]g = H[fg] — fH[g], and we have 
Lemma 2.8. If f e , s > 3, then || [-ff, < ||/||^.. 
Proof See Corollary 3.8 in [T]. □ 

3. Linear equations 

In this section, we obtain some results for some linear equations. In this and 
following sections, C > represents a generic constant, it may vary from line to 
line. 

Lemma 3.1. Let f e L'^{[0,T], H^'-^iR)), s > 3, and uq G H'iR), then the fol- 
lowing initial value problem: 

ut - ed^u - f[t, 0, u|t=o - wo(e). (3.1) 

has an unique solution u{t,£_) e C{[0,T], H''{R))r\L'^{[0,T], H^+^iR)) and for every 
t and any e > 



1^, + coee* / |!w||^,+3(^) e-Pdp < — / ||/||^.-3(;j) dp + e' ||mo||^.(;j,) . 

(3.2) 

where Cq > is some constant. 
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Proof. Wc first establish the energy inequality for u E C{[0,T], H'^{R)) 
nL2([0,T],i?"+3(i?)) satisfying Taking Fourier transform in leads 

iit + eX^u^ fiX,t). (3.3) 

so we have 

d 



i r (3.4) 

= 2 / (1 + \X\f'ufdX - 2e / (1 + lAD^'^A^i^dA 



Since there exists a positive constant co depending on e such that for all A G 
(— oo, oo) 

(l + |A|)2^(A6 + l)>co(l + |A|)2«+^ (3.5) 



which implies 



(1 + lAD^^A^u^dA > CO |lu||^.+3 - ^ . (3.6) 



Young's inequality implies 

Jil + \X\f^ufdX < eco J{1 + \X\)'^+'u^dX + -L-J{1 + |A|)2(^-3)/2^A 



< eco ||M||^=+3(fl) + ^ ll/llff=-3 ■ (3.7) 



(ED) - (021) lead to 



^ ^ II^IlL - coe llull^.+a + ^ > (3-8) 



which leads to 

The existence and uniqueness of solution to ( 13. ip then follows from the standard 
linear theory by combining (13. 2p and a Galerkin approximation. 

□ 

We are going to prove the main theorem using an iteration scheme. To the end, 
we need to study a regularized linear equation with variable coefficients, i.e the 
equation (j3.9l) in the following lemma. 

Lemma 3.2. Let e > 0,T > 0,s > 3^ be constants, f e L'^{[0,T], H^'^iR)), 
b{^,t) £ C([0, T], _ff*^^) and uq G H'^{R). Then the initial value problem 

ut + b{tm[dh] - ediu = fit^O, 
I (.3.9j 

U\t=0 = Uq 

has a unique solution u £ C([0, T], iJ^(i?)) n L'^{[0,T], H^+^iR)). 

Proof. Let u°{^,t) = 0; we construct a sequence of u''{^,t) e C{[0,T], {R)) n 
L2([0,T],iJ^+3(i?)) through 

(3.10) 

u'=+i|,=o=^o 
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Since / e L'^{[0,T], H^-^{R)), b{C,t) e C{[0,T], H"-^) and u'' E C([0, T], 

the right hand side of p.9p is in L^{[0, T], H^^^{R)), applying Lemma 3.1, we have 

u'^+i e Ci[0,T],H%R))nL^{[0,T],H'+^{R)), and 

(ti'=+i-«^)|t=o = 
Applying p.2p . we have 



(3.11) 



|2 t I \\ fc + l 1 1 D 7 

' * — + coee y ||u — u ||^s(fl;)e dp 



< 



< 



2co€ 

e* 



(3.12) 



2coe 7o 
< Cl / llu'^ — u 



dp 



dp 



where constant Ci depends on ||6||^ooqq H^-^iR)) ^^'^ '^o- This shows that {u'^} is 
a Cauchy sequence in C([0, T], iJ'^(i?)) n L^{[0,Tl H'+^{R)). Therfore, 

u'' ~^um C([0,T],i/"(i?))nL2([o,T],i?"+3(i?)). (3.13) 

and u e C([0,T],i7''(i?)) n L^i[0,T],H''+^{R)) is the unique solution of jSH). □ 

The following lemma gives key energy estimates and is essential to prove the 
main theorem. 

Lemma 3.3. Let T > 0, /? > 0, e > 6e constants, s > 3 be an integer. Let 

b e c([o,r],i?^),& > (3, f e l^{[o,t],h''-^), and if u & L°°([o,r],i?'*+^) n 

Ci([0,T],ff'^)nL2([o,r],ff^+2) (r is any real number) and e\D\''+^h u £ L^{[0,T]x 
R) is a solution of the initial value problem iS. 9\) . then u £ C([0, T], iJ*+2 ) and for 
every t £ [0, T] and for j = 0, 1. 



dp 



Jo 

2 , / ^K(t-p) II J./ _M|2 



L2 

.+3i dp 



Ke'^'Wuoi-Ml^-.+m+Ki e^(*-'')||/(.,p)||^._,_,dp, (3.14) 

JO 

where K,Ki are positive constant independent of e. 



Proof. Assume that u £ C^{[Q,T],H'+^)J £ L^{[0,T], H'). From equation ( 
we get 



^ \D\'/^{dlu) \^ = 2 I {\Dmu){dlu)tdi 



dt 



2 / {\D\dlu) dif + dl {bH{dlu)) + edl+^u 



(3.15) 



d^ 
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Now we estimate each term in the right hand side of p.isp . 
Using integration by parts and Young's inequahty, we have 



2 J i\D\dlu)dlfd^ = -2 J i\D\dl+'u)df'fd^ 

\D\dl+\ifd^ + - f [dl-^ffd^, (3.16) 



Using integration by parts and Lemma 2.7, we obtain 

e / {\DmuW+^u) ^-e f {\D\'/'dl+\fd^; (3.17) 



We used Cauchy inequahty, integration by parts and Lemma 2.7 . 
We write 

\D\dlu)dl {bH[dlu]) 

= 2 / {\D\dlu)b\D\d'+^u + 2 f {\D\dlu) "^{dlb)\D\df''+^u. (3.18) 



k=l 

By integration by parts, the first term in (|3.18p can be estimated as 



2 j {\D\dlu)h\D\dl+^u = -2 J d^[{\D\dlu)b]\D\dl 

J b[\D\dl+\f-2 J d(bi\D\dlu)\D\dl- 

< -2p j [\D\dl+^uY ~2 j d^b{\D\dlu)\D\dl+^u (3.19) 



so (13.181) becomes 
2 / {\D\dlu)dl[bH{dlu)] 



5 L"''-' ' 

< -2(3 I [\D\dl+^uf + 2 f {\D\dlu) "^{dlb)\D\df''+^u. (3.20) 

■' k=2 

The k = s term in the sum on the right hand side of (|3.20p can be estimated as 
foUows: 

2 J i\D\dlu)idlb)i\D\dlu)d^ 

< 2 {^j {dibfddj"^ {^j {\D\diufddj" {^j mdiufd^Y' 

< 2ifo II^IIh- II"IIh = + 5/4 ||u||ff3+l/4 < 2Kl \\b\\jj, ||w||^. + 5/4 

<eo||u||^,+2+A^(eo)llu|L2. (3.21) 

where eo is a small positive constant which will be determined later. Here we used 
Cauchy's inequality and Lemma 2.3 and Lemma 2.6. 

The k = 2 term in the sum on the right hand side of p.20p can be estimated as 
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follows 



i\D\diundib)dc < i\D\diurd^ 



1/2 



1/2 



< 2Ko \\b\\Hs ||u||h.+5/4 < eo + K[eo) \\u\\^, ; (3.22) 

Here we used Cauchy's inequality and Lemma 2.3 and Lemma 2.6. 

The remaining terms in the sum on the right hand side of (I3.20p can be estimated 

in the same fashion. So (|3.15l) leads to 



d 
dt 



\D\'/'{dlu) 



d^ < 



C 



i\D\'/^dl+'u)^d^ + ((2s - l)eo - 2/3) + K i (3.23) 



where if is a positive constant depending on eo and ||6||^s. Now 



d 
di 



\D\'^'idf-'u) h\D\df-\)idl-\)td^ 



2 / {\D\df'u) df'f + df' ibH[dlu]) + edi 



,s-l+6. 



(3.24) 



d^ 



In the same fashion, we can estimate each term of p.24p and we obtain 

d_ 

di , 



— e 



{\D\'^'dl+\fd^ + {{2s - 1)60 - 2/3) \\u\\^.^, + K 1 (3.25) 



and 



^ j \u\^dS, =2 J uutdi = 2 J u[f + bH[dlu] + ed'^u^] 

<2 J uf-e J {dlu)^ + 2 J [b^u + bu^]H[dlu] 



4 + \h 



<Cju^ + Jf-eJ {diuf + C[Jul + J {dlu)% (3.26) 

Now we can choose eo,6i small enough so that in (13.23^ and (|3.25p 

((2s - l)eo - 2/3) < -/3 
Adding (13231), (p:^ to (I32S1), we get for j = 0, 1 



^ II l|2 

-r \m\ s 

dt " "^f 



-13 



s-j+3 



L2 



(3.27) 

which lead to So we have proven (IXTi)) for u e C^{[0,T],H'+^{R))J e 

L\[Q,T],H'). 

Now we prove p.l4p for 

u e L°°([o,r],iJ'^+^(^)) n c^{[q,t],h''{r)) n l^{[q,tih'+'^{r)), 
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and / e L^{[0,T],H''-^). Let cf) e C^{R) and = we have u * / G 

C^([0, T], and u * 0* satisfies the foUowing equation 

(u * 0*)t + bdlH[{u * /)] + e9|(u * 0'^) 

= / * / + * (f)^] - {bH[dlu]) * . (3.28) 

Note that bH[dlu],df^ (bH[dlu]^ e ^^([O, T], i?), we have 

/ II *(f)^ - bdlH[u]\\ , as S 0; (3.29) 

and 

[ \\bdlH[u * (f,^] - bdlH[u]\\^ dt 
Jo 

< 2 ||&|lL = ([0,T],_f/=(_R)) 

SO 

[ \\bdlH[u * 0*] - bdlH[u]\\ dt^O, as S ^ 0; 

therefore 

fT 

/ ||&5|iJ[u*/]-(6iJ[a|u])*0*|| idt->0, as 5^0. 
Jo 

Now let 

f ^f^cj)^ + [bdlH[u * - (&iJ[a|u]) * /] 
applying (|3.14[) to w * (/>'^ , we have 



u * (p^ — u\\^^_^_2 dt; (3.30) 
(3.31) 

(3.32) 



dp 



+ e / e^^*-") ||u*(/.*||^,-,+3i. dp 



< 



e^*||uo*/(-,i)||L=-.+i/^(ii)+^i ( (3-33) 



Let (5 0, we have ((XTi)) . 

We now prove that u G C{[0,T], H'+^R)). Applying (jXTTl) with j = to m * 
we have 



2 

L2 



<^i||/'L.-i+^|h*0l^.+^ (3.34) 
Integrating both sides of p.34p with respect to t from to to t, and then let (5 — >■ 0, 



we obtain 



< 



g{t)dt 



(3.35) 



for .g(i) e LMO,r]- This shows that \\u{t)f , i -> |lu(io)|| =+i as t to. Since 
u{t) — > u(io) weakly in H^^2 ^ therefore 



|u(i) - ^^(^o)||^a+i as t to- 



(3.36) 
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□ 

Lemma 3.4. Let f e L^{[0,T], H'-^R)) n C{[0,T], H'-^/^{R)) and uq e H'+^ , 
b is as in Lemma 3.3, then the initial value problem 

Ut + bH[dlu] = f{t,0, ^3 3^^ 

u|t=o = uo 

has a unique solution 

u e C([0, T], {R)) n ([0, TIH'-^'^{R)) n L2([o, T],H'+^{R)). 

Proof. Lete > 0, by Lemma 3.2, there is G C{[0,T], H'+^{R))nL^{[0,T], H''+'^{R)) 
that is the unique sohition of 

ul + bH[dlu^]-edlu^^fit,0. ^3 3g^ 

From we have G Ci([0, T], From (IXTi)) we have that {u'} is a 

bounded set in C([0, T], 7?"+^) n ^^([o, T], i/'^+H (i?)). 

Now 



Applying ((XTil) with j = to (1333, we have 



(3.39) 



(3.40) 

Therefore {u'} is a Cauchy sequence in C{[0,T], H'+i) n L2([o, T], iJ'+2(i?)) and 
there exist a unique m € C([0, T], iJ'*+^) n ^^([O, T], i/"+2(i?)) such that -> 
u in C{[0,TlH''+i) n L2([0, T], iJ"+2(i?)). Letting e ^ in (j3:38| , we obtain 
that u is a solution of dSSZl)- u e Ci([0,T],i?''-5/2^ follows from (pISTl) and / G 

ci([o,r],iJ''-^/2). □ 

4. The quasilinear equation 
Now we rewrite equation (ll.40p as a quasilinear equation. From (|1.4ip , wc have 
Q[u] = re-2('''+")i7 [Q^[u]H[dlu]] + Q2M; (4.1) 

where 

Qi[u] = (1 - 7Cos(4g^ - 4H[u])) (4.2) 

Q2M = e-2('»'+«) {1 + [QiMi/[9|/i^]] + tH [{d^Qi[u])H[d^{h' + u)]] } . 

(4.3) 

Using commutator operator, we have 

H[Qi [u]H[dlu]] = ~Qi[u]d\ +[H,Qi M]i? ; (4.4) 
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SO (|4.1|) becomes 

Q[u] = + Q2M + QsM; (4.5) 

where 

B[u] = re-2('''+«)Qi[M] = (l - 7cos(V - ^H[u])) e-3('i'+«); (4.6) 

QsM = re-2('''+")[i/,QiH]F[5|^x]. (4.7) 

We note that Q2M and (53[u] consist of lower order terms compared to (9|w since 
the commutator operator is smoothing operator from Lemma 2.8. 
From (|4.6p . we have 

> t(1 -7) = ^ > 0. (4.8) 
Taking derivative in (14. 5p . we have 

d£,Q[u] = -B[u]dlu + Q4M; (4.9) 

where 

QM = {d^B[u])dlu + d^{Q2[u] + Q3M). (4.10) 
Using commutator operator, we have 

H[B[u]d^u] = B[u]H[dlu] + [iJ, (4.11) 

and we can write 

H[di^Q[u]] = -B[u]H[dlu] + QsM; (4.12) 

where 

QsN - -[i/,S[u]]c'|u + i/[Q4M]. (4.13) 

We note that Qz[u] consist of lower order terms compared to 9|u since the com- 
mutator operator is smoothing operator. 
Now using (|4.12p . (|1.40p can be written as 

ut + B[u]H[d^u] = J\f[u]\ (4.14) 

where 

N[u] = {hi + u^)H[Q[u]] - {ql - H[u])Q[u] + Q5M; (4.15) 
and M[u] consist of lower order terms compared to 9|u . 

Lemma 4.1. If u ^ C{[{),T],H'+^/\R)),s > 3, sup,e[o,T] \\u\\^^=i^^^ < M, then 
Qi[u] e C'([0,r],ff''+i/2(i?)),B[u] e C([0,r],iJ^+i/2(i?)) and for any t e [0,T], 

IIQiMllff=+i/^(i?) < CiM), ||SN||H.+i/^(fl) < CiM), (4.16) 
where C{M) depends on M , r and 7. 

Proo/. Note that e~^' G G from pT^T)) . Applying Lemma 2.2 and 

Lemma 2.4 to (|4.2p and (|4.6p . we obtain the lemma. □ 

Lemma 4.2. //u e C{[{),T],H'+^/\R)),s > 4, sup,g[o.T] ^ ^'^^^ 

Q2M e C([0,r],ff^-i/2(i?)), Q^[u] e a([0,T],ff^+i/2(i?))^ 

QM e C([0,T],i7''-3/2(i?)), and /or ant/ 1 G [0,T], 

IIQ2Nllff.-i/.(^) < C(Af), ||Q3Mllif=+i/2(fl) < C{M), 

IIQMIIh..-3/.(«)<C(m). ^ ^ 
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Proof. Applying Lemma 2.2-Lemma 2.5 and Lemma 4.1 to (|4.3p . we obtain Q2[u] G 

C{[0,T],H'-^/^{R)). 

From Lemma 2.8, Lemma 2.4, 

\\[H,Q4u]]H[dlu]\\^^^,,, 

< C{M) ligiNII^.+v. \\H[dlu]\\^^_,,, < C{M) ||u||^.+v2 . (4.18) 
The lemma follows from (|4.7p and (14.51) and Lemma 4.1. □ 

Lemma 4.3. LetT > 0,s > 4,m e C{[0,T], H'+^R)) andsuptgroTi ll"IL.+i,m ^ 

M, then Qi[u] € C{[{),T], H'-^'^{R)),Q^[u] € C{%T],H'-^'^{R)), 
M[u] e C([0,T],F«-3/2(i?)) and for every t € [0,T], 

IIQ4MII^=-3/.(^) < C(M), ||Q5Mllff.-3/.(;,) < C(M), 
||AAM||^._3/.(fl,)<C. ^^-^^^ 

Proo/. Q4[u] e C([0, T], follows from and lemma 4.1 and Lemma 

4.2. 

From Lemma 2.8, Lemma 4.1, 

1 1 [H, B[u]]dlu\\^^_,,, < C ||SN||^.-v. < C{M) \\u\\%^,,. . (4.20) 

The above inequality and (jil^ imply that Qr,[u] G C{[0,T], H''-^^'^{R)), and 
Af[u] e C([0, T],H'-^/^{R)) follows from (jiJSl) and Lemma 4.2. □ 

Lemma 4.4. // u e ^^([O, T], i7''+2(i?)) n C([0, T], (i?)), s > 4, and 
suPtg[o,T] ^ then for a.e t e [0,T], 



dl-'Q4[u]{-,t) < CiM) idl+'u{^,t)yd^ + CiM), (4.21) 

where C{M) is a constant depending on M. 
Proof. By (I4.10p . we have 

dl-^Q4u] - df^ [{d^B[u])dlu] + dl[Q2[u] + Qsiu]]. (4.22) 

We can write 

s-l 

[{d^B[u])dlu] = {d^B[u])dl+^u + ^(9|+1s[m])9|+i-'=u. (4.23) 



fc=i 



The first term in (|4.23p can be estimated as 



[{d^B[u])d'^\M < \mB[u])\\l^ I [dl+'urd^ < CiM) J [dl+\rdt 

(4.24) 

similarly, the terms in the sum of (j4.23p can be bounded by C(M) from Lemma 4.1. 
By examining (|4.3p . we see that the highest order term in d'^Q2[u] comes from 
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H[d'+^Qi[u]], which is, from dH]), H Qi[u]d'+^uH[d^{h^ + u)] 



mated as 



that can be esti- 



Qi[u]dl+'uH[d^{h^ + u)]\'^ d^^ J (^Q,[u]dl+^uH[d^{h^ + u)]^ 

< \\Qi[u]H[d^{h' + u)]\\l^ J [dl+\]^d^ < C{M) j [dl+^uYdi; (4.25) 

the lower order terms in d''Q2[u\ can be estimated by C(M) from Lemma 4.1. 
Now from (|4J| 

S 

dlQM ^rY^dl (e-^('^'+"A df" {[H, Q,[u]]H[dlu]) . (4.26) 



so 



/ (9|Q3M)'de<2r^ J [dle-'^'^'+-^y [df" {[H,Q,[u]]H[dlu]) 

k—Q 



1/2 



< 



'2{h'+u) 



k=0 



fJk+l/4 



\[H,Q^[u]]H[dlu]\\'^^ 



-fc+1/4 



k=0 



-2{h'+u)\ 



< CE II"IIh.-'=+i/4 ||u||^.-.+1/4 < C{M). (4.27) 

The lemma follows from (j422])-(|422|). 

Lemma 4.5. If u e L^{[0,T], H'+^{R)) n C{[0,T], H^'+^R)), s > A, and 
suPtg[o,T] - then for a.e t G [0,T], 



□ 



< CiM) {dl-^'uiU)rd^ + C(M), (4.28) 



where C{M) is a constant depending on M. 
Proof, from (|4.13p . we have 

df'QrM = ^df^[H,B[u]]dlu + df^H[Q4u]]; (4.29) 
the first term on the right side of (14.291) can be estimated as 

2 



'dl-'[H,B[u]]dlu) di < \\[H,B[u]]dlu\\^^^, 

< C||i?M||^._4 ||a|u||^,_3 < CiM) (4.30) 
Lemma 2.8 and Lemma 4.1 were used in obtaining (|4.30p . 



The lemma follows from (|4.29p and Lemma 4.4. 



□ 
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Lemma 4.6. If u e L^{[0,T],H'+^{R)) nC{[0,T],H''+^R)),s > i, and 
suPts[o,T] W^Wn^+i^ii) ^ then for a.e t e [0,T], 

dl~'N[u]i;t) \ < C{M) [ (9f ^(C,t)m + C(M), (4.31) 

where C{M) is a constant depending on M. 
Proof. From (I4.15P and (|4.5p . we have 

N[u] = -{hi + U()H[B[u]dlu] + {hi + us)H[Q2[u] + Q3M] 

+ {ql - H[u])B[u]dlu - {ql - H[u]){Q2[u] + Qs[u]) + QsM; (4.32) 
Note that two highest order terms in d^^^J\f[u] can be estimated in the same fashion 



as 



J {{hl + u^)H[B[u]dl+'u]ydC<\\{hl+u^)\\l^ J (^H[B[u]dl+\]y d^ 

< \\{hi+u^)\\i^j [B[u]di+\yd^ 



< \\B[u]\\i^ I [di+\yd(<c{M) I (di+'uydi 



The lemma then follows from (|4.32p and Lemma 4.5. 



(4.33) 

□ 



Lemma 4.7. Assume that u*" £ L°°{[0,T],H''+UR)),s > 4:,k = 1,2; and 
suPtg[o,T] - ^' then for any te[0,T] and ^ < r < s + ^, 

\\Qi[u']{;t) - Qi["'](-,i)||i.(^) <C\\u\;t) - u\-,t)\\l^^^^ , {4 

\\B[u^]{;t) - B[u']{;t)\\l^^^^ < C \\u\;t) - u\-,t)\\l,^^^^ , {4 
Proof. From (14. 2p . we have 

Qi[u'] - Qi[u^] = (1 - 7Cos(4q^ - 4iJ[wi])) e-a^^-a^^' (e2(«^^«^) _ 

+ 27e-2"'-2''' sm{2H[u^ + u'^]) sm{2H[u^ - u^]). {4 
Using Lemma 2.1 and Lemma 2.2 to obtain 

(1 - 7Cos(4g^ - m^i])) e-2"'-2'''(e2("'--') - 1) 



\Qi[u^]-Qi[u^]\\^^ < 



-2|7l 



sin{2H[u' + u^]) sin(2iJ[M^ - u^]) 



< ||(l-7Cos(4(j^-4iJH))||^, 



H 



-2u^~2h' 



+ 2|7| 

(j4.35l) can be proved similarly 



<C{M)\\u^ -v^W^^^ (4.37) 

□ 



s\n{2H[u^ +u^])\\^^ ||sin(2i7[ui - u^])\\^ 
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Lemma 4.8. Assume that u'' G L°°{[0,T],H'+i{R)) n L^{[0,T],H''+^{Rj),k = 
l,2,s>4; and sup^gfo^T] < , then for a.e t e [0,T], 



2 



dl+'Q,[u']i;t)~dl+'Q^[u^]i;t) 

< C{M) \\u\;t) - + C{M) \\u^ - u^W^,^, I {dl+'u^fdt 



(4.38) 



and 



\\dlQ2[u%,t)-dlQ,[u\,t)\\l,^^^ 



< C{M) \\u\-,t) - ^^'(^OllUMi?) + 11^' - j (df^'fdC 

(4.39) 

Proof. From (|4.36p . the highest order terms in d^^^Qi[u^]{-,t) — d^^^Qi[u'^] are 
such terms as (l - 7COs(4g^ - 47?[mi])) e-2"'-2'i' (e2("'-"') _ 1)0"+'^ {u^ - m^) and 



(l-7COs(4g'f-4i7[Mi]))e- 



1)9*+^m2^ which can be estimated 



((1 - 7COs(49^ - 4if[ui]))e-2"^-2h^(e2("'-"') - l)d'+\u' - u')f di 
< (l-7Cos(4g^-4i7[ui]))e-2"'-2''' ' 

<C{M) f (^dl+\u^ -u^)y dC, (4.40) 



((1 - 7C0s(49^ - 4i/[ui]))e-2"'-2h^(e2("'-«') - l)d'+\^y d^ 



< 



(l-7Cos(4g^-4i?[ui])), 



-2«^-2/i' 



1) 



dl+\i^] d^ 



<CiM)\\u'-u^^,,, J (4.41) 



the lower terms in d^'^^Qi[u^]{-,t) — d^'^^Qi[u^] can be bounded by 

C(M) / (9|+^(m^ - u^)y d^ from Lemma 4.7. So ({^^5)1 is proved. 
From (14.31). we obtain 



^g-2(h^W) (ri7[Qi[ui] - Q^[u^]]H[dlh']) 

(4.42) 

(ILSQ]) then follows from (14421) and ([L38| . 

□ 



LOCAL SMOOTHING EFFECT AND EXISTENCE 



21 



Lemma 4.9. Assume that u'' G L°°([0, T], (i?)) n L2([0, T], fc = 

l,2,s>4; and ^^Vti^[o,T]\\u^{--,t)\\fjs+^^j^^ <M, then for a.e t £ [0,T], 

\\dlQM]{;t) - dlQz[u\;t)\\l,^^^ < C(M) \\u\;t) - , (4.43) 



1 



< C{M) \\u\-,t) - u\-,t)\\^^^^, + C{M) \\u' - u'W^,,, / {dl+\^fdi 



(4.44) 



Proof. From (liTT)) 



-2(n2-«i) 



[H,Qi[u^]]H[dlu^] 



+ re-^ih'+''"\H,Qi[u^]]H[dl{u^ -U2)\. (4.45) 
Using Lemma 2.1, Lemma 2.4 and Lemma 2.8 to obtain 

\\qaa-qz[A\\h^ 



< T 













\[H,Q,[u^] - Qi[u^]]H[dy]\\^, 
\[H,Q4u']]H[dl{u'-u')]\\^^ 

<tC{M)\\u^ ~u^\\^^ \\Qi[u^]]\\hs \\H[dy]\\^^_, 
+ tC{M)\\Qi[u^]~Q^[u']\\^, \\H[dlu^]\\^^^, 
+ tC{M) ||Qi[u']||^, \\H[dl{u' - u^)]\\h.-2 

<C{M)\\(u^ ~u^)]\\^, . (4.46) 

From (|4.10p . we have 

+ {Q2[u^] ~ Q2[u^]) + {Qsiu^] ~ Qsiu^]) . (4.47) 



Note that the highest order term from the first two terms on the right hand side of 
(|4.47p can be estimated as 

<\\id^B[u'])\\l^l [dl-^\u'~u')yd^ 

< C(M) / (dl+\u^ - m'))' rf^ (4.48) 
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and 



< " 



<CiM)\\u'-u^^,,, J (dl+\^yd^. (4.49) 

Then (|444l) follows from (j447l) - (j449l) . f OS]) and Lemma 4.8. □ 

Lemma 4.10. Assume that e L°°{[0,T], H'+^R)) n L^{[Q,T],W+^{R)),k = 
l,2,s>4; and sup^gfo^T] < then for a.e t e [0,T], 



2 



< C{M) \\u\-,t) - + \W - j {d^'n^fdi. 

(4.50) 

Proof. From (|4.13p . we have 

- [i/, - _ [iJ, B[u2]]a|(ui _ u'), (4.51) 

Using Lemma 2.8 and Lemma 4.7 to obtain 

\\[H, B[u'] ~ B[u']]dy\\^^_, < C \\B[u'] - B[u^]]\\^^_, ||9KL._3 

<CXM)\\u^-u'^\\^,_, (4.52) 

and 

\\[H,B[u']]dl{u' - u')\\^^_, < C \\B[u']]\\h.-^ pliu' - u^^^_, 

<C{M)\\u^-u'^\\j^^ (4.53) 

then ((i30)) follows from ((i3T|) - ((i35)) and Lemma 4.9. □ 

Lemma 4.11. Assume that vf" £ L°°{[0,T], H'+^R)) n L^{[Q,T],W+^{R)),k = 
1, 2; s > 4, and sup^gjQ j,^ ||u'^(-, i) 5; ^^e*^ /o?" a-e i G [Oj 2^]; 

||AA[«i](.,t)-AA[z.2](.,t)||^._,(^) 

< C(M) \\u\;t) - ^i'(-,t)||?,.+i(^) + C(Af) 11^.1 ~ u^W^,,, j {dl+^u'fdt 

(4.54) 
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Proof. From dUTS]), we obtain 

- m + ul)H [B[u^]dl{u^ - u^)] - {ul - ul)H [B[u^]dl^ 

+ (g| - H[ul]){B[u^] ~ B[u^])dy + - H[ul])B[u^]dl{u^ - u^) 
- {ql - H[ul]) [{Q2[u'] - Q2[u^]) + {Q4u'] - Qsiu'])] 

- (4 - uD [Q2[u^]) + Qsiu^]] + {Q5[u'] - Q5[u% (4.55) 
then the lemma follows from Lemma 4.7-4.10. □ 

Now we are ready to prove the main theorem. 

Proof of Theorem 2.1 : We construct a sequence of functions {u'^} by solving 



w'=+Mt=o =uo,fc = 0,1,2 • 



(4.56) 



and u° = 0. 

From Lemma 3.4, we have u*^ G C{[0,T], H'+^R)) n C\[0,T], H'-^^^{R)) n 
L^{[0,T],H''+^{R)) for any T > and A: = 1, 2 • ••. 
We are going to show 

Lemma 4.12. There exists T = T{Mo) > so that for all k , 



sup ||^/'=(.,i)||^.+ i <8M2 
te[o,T] ^ ' 



(4.57) 



Proof. We assume that (|4.57p hold for u''. From Lemma 3.3, we have 



2 



dp 



< e^^Af^ +Kie^^^* \\N[u%^^,_,^^^dp. (4.58) 



From Lemma 4.6, we have 



\\N[u%^^_,^^^dt < CiMo) J j \dl+^u''\^didt + TC{Mo) (4.59) 
From Lemma 2.7, we have for any 77 > 

j \dl+^u''\'d^dt < r, J \dl+'u''\'d^ + K{f^) (4.60) 
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by (|437l) - (ITHn)) imply 



^K{t-p) 



LHR) 



dp 



(4.61) 



Now choose r] = 



8Kie«'J'C(Afo) 



in (14.611) we have 



fc+l/ 



< e^^Mo^ + + 8K{r])Kie^'^TC{Mo)M^ + C{Mo)Kie^^T. (4.62) 
Then choose T so that 

e^'^ < 3, 8C{Mo)K{r])Kie^^^T < 2, C{Mo)Kie^'^T < 2M^, 
so we have 



sup||u'=+i(-,i)||^,_^/, + 1/ 
t ^ ' Jo 

Then the Lemma follows from induction. 



LHK) 



dp < 8M^. 



□ 



Now we consider the convergence of {u''}. From (|436l) . we obtain 

dt{u''+^ - u^) + B[u'']H{dl{u''+^ - u'')) 
= {J\f[u''+^] - J\f[u'']) - (B[u^] - B[ii'=-i])i?(a|w'=); 

Applying Lemma 3.3 with j = 1, we obtain 



(4.63) 



LHK) 



dp 



< ifie^^{ f \\Af[u''] - Af[u''-^]f , dp 
Jo 

+ f \\{B[u'']-B[u''-^])H[dlu'']\\l^_,dp} (4.64) 
Jo 



Note that 



f \\iB[u'']-B[u''-'])H{dlu'^)\\l^_,dp 
Jo 



< 



\{B[u']-B[u'-'])\\^^^,_\\dl 



-2 dp 



< sup \\{B[u'']-B[u''-'])\\l^_ r\\u%^ 
te[o,T] ^ 'Jo 



<C(Mo) sup Wiu'^ -u'-')\\^^_. 



te[o,T] 



{R) 



H^+^R)-^ (4.65) 
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Using Lemma 2.8 and Lemma 4.12, we have 



dp + K{7]) / llu'^f.^rfp 



< 8Mo\ + 8M^K{rj)T; (4.66) 



Jo 



< 



C{Mo){8M^V + 8M^K{rj)T) sup || K - • (4.67) 

te[o,T] ^ ' 



Using Lemma 4.11 and Lemma 2.8 to obtain 

,fe „.k-l 



< C{Mo) \\{u' - ^"'')\\h.(r) + C{Mo) Wiu"^ - u''-') 



{R) 



(4.68) 



Note that by Lemma 4.12 



,k-l\ 



1lL=(m ^ T sup |h'~l^.+v2(fl) < SAf^T; (4.69) 



and Using Lemma 2.8 we have 



<Vo \\{u-u^ )\\H^+UB.)dp + K{r]o) 



dp 



<Vo / )L=+ifm'^^ + ^('?o)^ S'-iP IK" -" )L=-i/2fmrfp 

Jo ^ ' te[o,T] ^ ' 

(4.70) 

Combining (|TB7)) - (|I7(I)) into P^M)) leads to 



I fc+l_ fc||2 ^ 



L2(i?) 



dp 



dp 

LHR) 



n-(R) 



+ K, (8M2e^^C(A/o)r + e^^C(A/o)i^(ryo)r) \\{u'' - u''~')\\^^ 
Now choose 



-1/2 (_R.) 



(4.71) 



1 



1 



then choose 



T < 



2e^^C{Mo)Kip' 32M§e^TC{Mo)Ki' 
1 

4e^i^C(Mo) (if (770) + 8M2 + 8K{f])Mi) Ki 
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(jiJl]) leads to 



sup + 

te[o,T] ^ ' 



dp 



sup 1)11^, 
^ ' ^ *e[o,T] 



-1/2(K) 



(4.72) 



(|4.72p implies that u'^ is a Cauchy sequence in C{[0,T], H""'^ (R)) 
nL2([0,T],ir*+i(i?)) and converges to a limit u G cl[0,T], H'-^R)) 
nL2([0,T],i?''+i(i?)). w is a solution of (gj]), and equation (|4TT|) implies u £ 
C\[0, T],H'-y^{R)). Since is bounded in C([0, T],H'+i {R))r\L^i[0, T],H'+^{R)), 
we have M G L°°([0,T],ir^+5(i?))nL2([o,T],7f''+2(i?)). Lemma 3.3 and ^ imply 
that u G C([0,T],iJ^+i(i?)) nCi([0,T],iJ^-5/2(i?)). 



Now we prove that the solution map continuously depend on the initial data. 
Let Mo and uq be in 7?*+2 and ||uo|| ^+1 < Mi ,| 

solutions with initial data uq and uq respectively. We want to show that 



, , 1 < Ml . Let u and u be 

H ^^2 — 



~ll2 



sup \\u - wf„,+ 1 + P I \\u~ ufHs+2 dp < C{Mi) \\uo - uqW +i 



(4.73) 



Let w = u — u, then w satisfies 

dtw + B[u]TH{dlw) = {J\f[u] - J\f[u]) + {B[u] - S[u])i?[5|u] 

Applying Lemma 3.3 with j — l,e — to (|4.74p we obtain 



(4.74) 



dp <C \\uo - Moll^.- 1 

Xie^^ f \\Af[u]-Af[u]\\l,^,dp + Kie''^ f \\{B[u] - B[u])H[dlu]f dp; 
Jo Jo 

(4.75) 



Using the same steps as (|4.65p - (|4.7ip . we obtain 



i^ie^^ /* IIA/'M - A^[u]|l^._. dp + Kie""^ f \\{B[u] - B[u])H[dlu]\\^^^_, dp 
Jo Jo 



< 



I / \\w\\Hs+idp 
Jo 



(4.76) 



Combining (|4.75p and (|4.76p . we obtain 



l^.+i dp<2C{Mi)\\uo-uo\\ 



(4.77) 
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Now we apply Lemma 3.3 with j = 0, e = to ()4.74p to obtain 

i + \I3\ J ||u;||^.+2 dp<C \\uo - -Soll^.+ i 

+ Kie^^ / \\Af[u] - dp + Kie^^ / \\{B[u] - B[u])H[dlu]f^^_, dp 

Jo Jo 

(4.78) 



Note that 

rt 



f \\iB[u]-B[u])H{dlu)\\l^_,dp 
Jo 

< f \\{B[n]- B[u])\\l.^,\\dlu)\\l^_,dp 
Jo 

l-T 

<C{A'h) sup \\u^u\\l^^,^j,J (4.79) 
te[o,Tl ' ' Jo 



te[o,T] 

From Lemma 4.11 and (|4.77l) . we have 

i-T 



sup <2C(Mi)ho-itolL.-i , / \\u\\l.^2^j,^ < 8M't (4.80) 

te[o,T] ^ ' " ^ Jo 

So ((17^1) leads to 

f \\{B[u]~B[u])H{dlu)\\l^_,dp 
Jo 

< C{M,) \\uo ~ uo\\^s-i ^ C'(Mi) \\uo ~ uoW^.^^ , (4.81) 
Using Lemma 4.11 to obtain 

< C{Kh) \\{u - ii)|l^.+,(^,) + C{Ah) \\{u - fi)|1^3/.(^) j {dl+'ufdi (4.82) 
Note that by Lemma 4.12 and (|4J7l) 

te[o,T] " ""'Jo 

and Using Lemma 2.6 we have 

||(u- w)||^,+i(^) dp 



2 /""^ 2 

sup |l(u- u)||^3/2(^) / \\u\\]i.+UR) < C(Mi)||uo-'Uo|| +1 , (4.83) 
isfo.Tl ^ ' Jo " 



< 



Vo / \\u- u\\fj,+2m)dp + K{i]q) / ||u - u||^,+i/2(^) dp 
^0 Jo 

2 2 

<Vo \\u - ufHs+2(ii)dp + K{i]q)T sup ||u - u||^,+i/2(m dp (4.84) 
Jo ^ ' te[o,T] 
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SO (|4:82| leads to 



+ C{Mi)K{i^o)T sup ||«-M||^,+v2(mdp+ C(Mi)||mo-uo|L,+ i , (4.85) 

te[o,T] 



choose 



2e^^C(Mi)/3Xi' 
and combining (|4.78p - (|4.85p . we obtain 



T < 



1 



2e^^C(Afi)if(r,o)ifi 



lkll^.+2 dp < C(Mi) ||uo - wo||^,+ i 



dp 



which leads to (|4.73l) . 

We completed the proof of Theorem 1.1. 



(4.86) 
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